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Abstract

This paper examines the effects of the introduction of restrictions on the
statement of preferences in a two—sided matching model with incomplete information. The
model is similar to the process used for college admissions in Turkey. Colleges have
unanimous preferences — students with higher ranking in the national examinations are
always preferred. We show that the introduction of the restrictions on statement of
students' preferences can result in unstable matching between colleges and students.
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Ozet

Bu makale eksik bilgili ¢ift tarafli eslesme modelinde tercih bildirmede
uygulanan kisitlamalarin etkisini incelemektedir. Bu model Tiirkiye’de iiniversitelere
ogrenci yerlestirme sistemine benzerdir. Universiteler ayni tercihlere sahiptir — daha
yiiksek bagar1 siralamasina sahip Ogrenciler tercih edilmektedir. Tercih bildirmede
uygulanan kisitlamalarin tiniversiteler ile 6grenciler arasinda duragan olmayan eglesmelere
yol acabilecegi gosterilmistir.

Anahtar Soézciikler . Duragan Eslesme, Universitelere Ogrenci Yerlestirme
Sistemi.
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Matching with Restricted Preferences

1. Introduction

In this paper, we examine the effects of the introduction of restrictions on the
statement of preferences in a two-sided matching model with incomplete information.'
The model is similar to the process adopted for college admissions in Turkey.

In Turkey, the process of college admissions is centralized. There is a student
placement office that assigns the students to the departments of the colleges. Every year
this office administers an examination to every student who wishes to enroll in a college.
Each student receives a rank according to his performance on this examination. The higher
the performance of a student in the examination, the higher is his rank. After receiving the
ranks, each student completes a preference form and submits it to the student placement
office. The departments have unanimous preferences — students with higher ranking are
always preferred. Finally, the students are assigned to the departments by a pre—announced
mechanism by using the students' ranks, preference forms and the preferences of the
departments.

Students may have different preferences over the departments. Each student
only knows his preferences and has a prior belief about others' preferences. In this process,
we are focusing on the point that the student placement office does not allow the students
to order his preferences freely. There is a fixed number and the students can submit
ordering, at most, this number of departments in the preference form. Since a student
cannot declare his preferences for some departments that he may want to enroll, he must
choose the departments in the preference form strategically. In Turkey, there are more than
4,000 departments accepting the students but the students are restricted to submit
preferences over at most 24 departments. That means the students are exposed to a
significant restriction when they are stating their preferences for departments.

If there is no restriction on the statement of preferences, this college admission
problem has a unique stable matching.” In this matching, the higher-ranked student is
assigned to his top choice department, the second highest student is assigned to his top
choice department from the available ones, and so on. We show that the restrictions on
stating preferences, together with incomplete information of the students about the others'
preferences, can result in unstable matching between the departments and the students.

Section two describes the model, section three presents the results, and section
four concludes.

An extensive literature survey on two-sided matching models can be found in Roth and Sotomayar
(1990,1992).

The allocation mechanism that is used in Turkish College admission process is analyzed by Ballinski and
Sonmez (1999). However, they ignore the restrictions on the statement of preferences.
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2. Model
There are 7 students and m departments. S = {Sl,....,Sn} denotes the set of
students, DZ{dl,....,dm} denotes the set of departments, and CZ{Cdl,....,cd }

denotes the set of capacities of the departments where ¢, is the capacity of d ;-
J P

The students take a test and according to their performance on the test, each

student receives a rank. Let §;, denote the student with rank i and P (d j)denote the

preference of d ; over students. The departments have unanimous preferences over the
students — they prefer a higher-ranked student to a lower-ranked one. Formally, the

preference of dj is P(dj) =<S1,S2,..,Sn> for j=1,...,m.

Let u (Si) be the utility of s, over the departments. We assume that for any s, ,

u (S;) is drawn from a distribution as follows: u (Si) =u, with probability f (u k) for

k=1,..,K where u, = (ukl yeens Uy, ) A student with utility vector u, gets u, utility if
m J

he is placed tod ;- On the other hand, the departments have unanimous preferences over

the students. They prefer a higher—ranked student to a lower ranked one.

The nature draws the utilities of the students over departments. Any student
observes his utility over departments and his rank, but cannot observe the utilities of the
other students. The preferences of the departments and the probability distribution of the

students' utilities are common knowledge. Each student submits a preference form in

which he can state the ordering of, at most, 4 departments. Let 0, denote the ordering of

s, (in his preference form) and o_, denote the orderings of other students. 0, € O , where
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O is the set of possible orderings.’

There is a matching mechanism G that takes the orderings of the students and

creates a matching £/ between the students and departments. At matching 4/ , each student
is either assigned to a department or assigned to himself. If a student is assigned to himself,
then he is not accepted by any of the departments. G (01 yeer On) creates the matching 4

by using the following algorithm. Starting with the highest-ranked student, in any iteration
one student is assigned to the first available department in his stated preference form. If all
the departments in the student's preference form are unavailable, (i.e., they were already
assigned to other students), then the student will be assigned to himself. The algorithm
continues with the next highest ranked student and concludes after the iteration for the

lowest-ranked one.

X :{u(si) - 0} be the strategy set of 5 that has

K

lo|"=

(m—A)!

density / . We define the matching game with incomplete information as follows.

strategies. Let F' be the cumulative distribution function of the

I'= (SUD: C’{Xf}ie{l,..,n} ’{u(si)}ie{],..,n} ’{P(dj )} ’F’GJ

je{l,..,m}

Example: 1 Assume there are five students(n = 5) , three
departments (m =3), and the capacity of each department is one. The number of allowed
preferences is two (A4 = 2) and a student's utility over departments has following three
possibilities(K =3).

m!
Note that there are ——— possible orderings.

(m—A)!

3
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u, =(3,2,1),f(u1):0,6
u(sl.)z u2=(2,3,1),f(u2)=0,3 forVs,
u, :(2,1,3),f(u3):0,1

For example, if a student's utility is #, , he gets three utility if he is assigned to

department 1, two utility if he is assigned to department 2, and one utility if he is assigned

to department 3. If a student is not assigned to any of the departments, he gets zero utility.

Preference of a department over students is P (d j) = <SI,S2,S3,S 4,S5> for Vd ;- There

are six possible orderings: O = {{1, 2} , {1,3} ,{2,1} ,{2,3} ,{3,1} ,{3,2}}

Let u(sl.) denote the department to which . is assigned under matching £ .
Definition 1 Matching ¢ is stable if there is no student—department pair

1

{S"d-/}sl.es,djeD’ such that s, prefers the dj to :U(Si) , and dj prefers the s, to at least

one of the students who is assigned to it under the matching g/ . If such a pair exists, then

we say that it blocks the matching ¢ .

3. Results

Gale and Shapley (1962) showed that there always exists at least one stable
matching in a two-sided matching problem by introducing the deferred acceptance
procedure algorithm.

Proposition 1 There exists a unique stable matching in the college admission
problem described above. In this matching, the highest-ranked student is assigned to his
top choice, the second highest one is assigned to his top choice among the available
departments, and so on.

Proof. The existence of a stable matching is due to Gale and Shapley (1962).

Let ,u* denote a stable matching and assume that there is another stable matching £ .
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Then, u S1)= *(Sl). If this is not true, s, and u* (Sl)blocks M. Also,

#(s)
S}'l

p(s,)=

Y7,
,u*(sz). Otherwise, §, and ,u*(sz) blocks . By continuing so,
,u* (Sn).Therefore, ,uz,u*. [

Hereafter y* denotes the unique stable matching.

Proposition 2 If there is complete information (u (Sl.) is common knowledge

among students), then G generates the matching ,u* evenifA=1.

Proof. If u(Si)is common knowledge, then any student knows the others'
preferences. Assume 4 =1. The first-ranked student will choose his top choice and be
assigned to that department( ,u* (S] )) The student with rank two infers the first-ranked

student's placement, and his best strategy is to choose his top choice from remaining

departments, which is ,u* (Sz). If he chooses another strategy, either he will not be
assigned to any of the departments or he prefers ,U* (s2 ) to the department that he will be
assigned under that strategy. In general, the student with rank &, (k < n), knows the

preferences and best strategies of other students, so he infers the first (k —1) —ranked
students' placements. Consequently, his best strategy is to choose his top choice from
available departments, which is ,u* (Sk). If he chooses another strategy, either he will
choose an unavailable department and be assigned to himself, or he will be assigned to a

department that he prefers less than /J* (S i ) . ]

Proposition 3 If there is no restriction on stating preferences (i.e., if A =m),

then G generates the unique stable matching ,u*.
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Proof. If a student states his true preferences, he will be assigned to his most

preferred department among the available ones when the algorithm turn comes to him.
Consequently, G generates the matching ,u*. Hence, if we show that all students state

their true preferences when there is no restriction on stating preferences, then we prove the

proposition.

Assume 0, be the true preference ordering of s, and G(Oi,o_i) = u for
Jo_,. Suppose that G(O;,Ofi)=,u' for Jo, and g # u'. We must show that s,
prefers /U(Si) to ,u'(Si). Suppose that s, prefers ,u'(sl.)to ,u(sl.). Since
G(O;,Oﬂ,) =u', ,u'(Sl.) is available when the algorithm turn comes to §,. Hence,
under his true preferences, S, can not be assigned to /U(Si)v which contradicts
G(oi,o_i)z,u. .

Definition 2 Equilibrium for the game I' with incomplete information is
{{xi}ie{l,..,n} ’{’Bi}ie{l,,.,n} ,,ue} , where {x,} is the set of the strategies of the students,
{ :B;} is the set of beliefs of the students about higher-ranked students' ordering choices,

and the matching outcome £° which is generated by algorithm G under strategies

{xi}ie{l,..,n} such that :

1) x, € X, maximizes the expected utility of s, under the belief ,6'1,, for

Vs, €S, and

2) beliefs of the students must be derived from strategies according to the Bayes'

rule.
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Proposition 4 If there is a restriction on the statement of preferences (i.e. if
A < m), the equilibrium outcome of the game I" with incomplete information can be
unstable.

, Proof. We present here an example in which U # IU* and another one where
H=H.

In the example 1, equilibrium strategies, beliefs and matching outcome are the

following. (We assumed that students select the low—indexed ordering when they are

indifferent among the orderings.)

Equilibrium strategies

-
—H
LN
Il
\:—i
——
0o
—_
Ny
_.
—H
=
Il
0
—~—
w
—_
Ny
-
-
=
I
w

j
x, ={L2) ifk=1, {2,1} ifk=2, {3,1} ifk=3
3 (2,3} ifk=2, {13} ifk =3
x, ={L2) ifk=1, {2,1} ifk=2, {1,2} ifk=3

X; = any strategy

Equilibrium beliefs

B, =[0,6 0 0,3 0 0,1 0]

0,6 0 0,3 00,1 0
10,6 003 00,1 0}
[0,6 0 0,3 00,1 0]
B,=0,6 0030010
1001009 0 0]
[0,6 0 03 00,1 0]
0,6 003 00,10
0010 090 0
107003 00 0]

By =

Bs =
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The element in row @ and column b of the matrix ﬂl reveals the belief of s,

about the probability that student a chooses the ordering o0, where
0, = {1,2} ,0, = {1,3} ,0; = {2,1} ,0, = {2,3} ,05 = {3,1} ,05 = {3,2} . For example,
student 4 believes that student 3 chooses the ordering {1, 3} with probability 0,1, and the

ordering {2, 3} with probability 0,9 and the others with probability zero.

Equilibrium outcome

Suppose that nature draws the utilities of the students as follows:

The unique stable matching ,u* is the following.

=[S So V[ Ss | [Sa | |55
7N Sl Sl )\ el
The equilibrium outcome ¢ is the following.
e St [ S2 ) [ S5 [Sa ][5
/J = s s s s
d, ) \a,)\@)\d )\ @

In the unique stable matching ,u*, s, is assigned to d, and s, is assigned to

himself. On the other hand, in the equilibrium outcome £°, S, is assigned to d1 and
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S, is assigned to himself. s, prefers d1 instead of being assigned to himself and d1
prefers §; to §,. Therefore, {S3,dl} blocks the equilibrium matching outcome. The

equilibrium outcome ££° is not a stable matching.

Now, suppose that nature draws the utilities of the students as follows.

Then, the unique stable matching is equal to the equilibrium outcome.

Sp Y (S ) (S5 (Ss) [ Ss

=N M e el e

5

4. Conclusion

This paper analyzed the effects of the introduction of restrictions on the
statement of preferences in a two—sided matching model with incomplete information. The
model is similar to the process used for college admissions in Turkey. In Turkey, the
college admission process is centralized and a student placement office assigns the
students to the departments of the colleges according to the preferences of the departments
and the preference forms submitted by the students. Departments have unanimous
preferences — students with higher ranking in the national examination are always
preferred. Students are exposed to a restriction on the statement of the preferences; each
student can state a preference ordering over a limited number of departments in the
preference form. We demonstrated that the restriction on statement of the preferences can
result in unstable matching between the departments and the students.
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